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If the second law of thermodynamics forbids a transition from one state to another, then it is still possible
to make the transition happen by using a sufficient amount of work. But if we do not have access to this
amount of work, can the transition happen probabilistically? In the thermodynamic limit, this probability
tends to zero, but here we find that for finite-sized and quantum systems it can be finite. We compute the
maximum probability of a transition or a thermodynamical fluctuation from any initial state to any final
state and show that this maximum can be achieved for any final state that is block diagonal in the energy
eigenbasis. We also find upper and lower bounds on this transition probability, in terms of the work of
transition. As a by-product, we introduce a finite set of thermodynamical monotones related to the
thermomajorization criteria which governs state transitions and compute the work of transition in terms of
them. The trade-off between the probability of a transition and any partial work added to aid in that
transition is also considered. Our results have applications in entanglement theory, and we find the amount
of entanglement required (or gained) when transforming one pure entangled state into any other.
DOI: 10.1103/PhysRevX.6.041016 Subject Areas: Quantum Physics, Quantum Information,
Statistical Physics
I. INTRODUCTION
Given a quantum system in a state with density matrix ρ
and with some Hamiltonian H1, when can it be determin-
istically transformed into another state σ associated with a
potentially different Hamiltonian H2? If we can put the
system into contact with a heat bath at temperature T, then
in the thermodynamical limit of many identical systems,
and if interactions are short-ranged or screened (such that
the thermodynamical limit is a good approximation), a
transition will occur as long as the free energy of the initial
configuration is larger than the free energy of the final
configuration. The free energy of the state ρ is defined as
Fðρ; H1Þ ¼ tr½H1ρ − TSðρÞ; ð1Þ
where SðρÞ is the entropy; SðρÞ ¼ −trρ log ρ. This is a
formulation of the second law of thermodynamics, if we
factor in energy conservation (the first law). If we wish to
make a forbidden transition occur, then we need to inject
an amount of work that is greater than the free energy
difference between initial and final states.
However, what if we are interested in small, finite-sized
systems, or in systems with long-range interactions? The
thermodynamics of systems in the microregime, where
we do not take the thermodynamical limit, has gained
increased importance as we cool and manipulate smaller
and smaller systems at the nanoscale and beyond [1–5].
Theoretical work has developed rapidly, with increased
interest in the field in recent years [6–32]. If we do not
take the thermodynamical limit, then provided σ is block
diagonal in the energy eigenbasis, there is not just one
criterion (the decreasing of the free energy), but a family of
criteria that determine whether a state transition is possible.
A set of such criteria that has been proven to be a necessary
and sufficient condition for quantum thermodynamical
state transformations [20] (cf. [8]) is the so-called thermo-
majorization criteria [7,20]. Thermomajorization is a set of
conditions that are more stringent than the ordinary second
laws and had been conjectured to provide a limitation on
the possibility of thermodynamical transformations since
1975 [7]. It is related [8,33] to a condition known as Gibbs
stochasticity [34,35], a condition that can be extended to
include fluctuations of work [36].
Once again, though, if the diagonal state σ is not
thermomajorized by ρ, and hence there exists no free
thermodynamical process that converts ρ into σ, the trans-
formation is still possible provided sufficient work is
supplied. One can compute the work required (or gained)
from this transition using thermomajorization diagrams [20],
via a linear program [33] or the relative mixedness [24].
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Suppose, however, that we want to make a transition from ρ
to σ, and it requires work that we cannot, or do not wish to,
expend. Can we still, nonetheless, make the transition with
someprobabilityp rather thanwith certainty?And if so,what
is the highest probability p that can be achieved? In
particular, given ρ and σ, we are interested in maximizing
p in the following process:
ρ → ρ0 ¼ pσ þ ð1 − pÞX; ð2Þ
with X being some arbitrary state.
Such a transformation can be regarded as a fluctuation
of a system’s state, in the sense that the transformation is
only probabilistic. Within the study of thermodynamics
for small systems, great progress has already been made
in analyzing how the work distribution associated with
a given transformation can fluctuate [37–40] (see
Refs. [41–43] for reviews on both the classical and
quantum cases). Fluctuation relations, such as the
Jarzynski equality [37] and Crooks’s theorem [38], devel-
oped under the paradigm of stochastic thermodynamics,
have been used to calculate the work fluctuations of
nonequilibrium processes. Investigating fluctuation in a
system’s state provides a natural, complementary strand
of research that we are able to formulate and analyze in this
paper by applying techniques from quantum information
theory developed in Ref. [20]. In related work [36], we
address the problem of fluctuating work within this infor-
mation theoretic framework. This serves to unify the two
approaches to thermodynamics for small systems and extend
and provide insight into previous work based on the
stochastic thermodynamics perspective.
Here, we upper bound the maximum probability of a
fluctuation between any given ρ and σ. When σ is block
diagonal in the energy eigenbasis, we show that this bound
can be achieved and, furthermore, that there exists a two-
outcomemeasurement that can be performed on ρ0 such that
we obtain σ with the maximum probability p. Of course,
measurements do not come for free in thermodynamics—it
costs work to erase the record of the measurement outcome
[44]. That this measurement can be performed is noted for
completeness—however, we take Eq. (2) as our primary
goal, defining what we mean by a thermodynamical tran-
sition. We discuss measurements in Sec. III B as they
provide only a small correction of kT log 2 to the work cost
of a probabilistic transformation.
Our main result is Theorem 5, which upper bounds the
probability p in terms of a minimization over a finite set
of ratios between thermodynamical monotones, which are
quantities that can only decrease under the set of allowed
operations that constitute the possible thermodynamical
processes. When the final state is block diagonal, this
bound is achievable, but this may not be the case if the
final state has coherences in energy. These monotones,
which we show are given by Eq. (41), can be thought of as
analogous to free energies. This is proven in Theorem 4
and is equivalent to the thermomajorization criteria of
Refs. [7,20]. The set of ratios that we use to bound p thus
give an alternative way of verifying if the thermomajoriza-
tion criteria are satisfied. Rather than considering the
thermomajorization curves [20] or considering a continu-
ous set of monotones [24], we provide a finite set of
conditions to check. Indeed, this set provides a strengthening
of results from the theory of relative majorization
[Sec. 14.B.4(c) of Ref. [45]] by reducing the number of
constraints that need to be considered.
Before proving Theorem 5, we consider in Sec. II the
simpler case where the Hamiltonian of the system is taken
to be trivial, i.e., H ∝ I. Solving the problem in this regime
(referred to as noisy operations [15,46]) provides us with
insight for the solution with nontrivial Hamiltonians. Noisy
operations essentially model a simpler, stripped down
version of thermodynamics, where only entropy, and not
energy, plays a role.
This provides us with insight into the solution for
nontrivial Hamiltonians. In this simplified situation, p
is given by Theorem 1. The result is similar in form to
Ref. [47], which considers the analogous problem of
probabilistic pure state entanglement manipulation using
local operations and classical communication (LOCC).
However, care must be taken—the class of operations
allowed under LOCC is very different from what is allowed
in thermodynamics. For example, under LOCC one can
bring in pure states for free (which can be a source ofwork in
thermodynamics) and one is allowed tomakemeasurements
for free (which costs work). Perhaps more importantly,
many of the LOCCmonotones are concave, which is not the
case in noisy operations; thus, we require some different
techniques. It should also be noted that in entanglement
manipulation, the maximum probability achievable will be
zero if the target state has a larger Schmidt rank than the
starting state. Under noisy operations, we see that p is
always nonzero (though it can be arbitrarily small).
In Sec. III, we consider the general case of arbitrary
initial and final Hamiltonians and states. We prove our
results using the paradigm of thermal operations (TO)
[20,34,35]. There are a number of different paradigms
one can use to study thermodynamics (e.g., allowing
interaction Hamiltonians or changing energy levels); how-
ever, these other paradigms are equivalent to thermal
operations [20,48], and, thus, thermal operations are the
appropriate paradigm for studying fundamental limitations.
We introduce thermal operations at the beginning of
Sec. III. In the case of a trivial Hamiltonian, thermal
operations reduce to noisy operations, the regime consid-
ered in Sec. II.
Our expression for the cost of a transition between any
two states using only a finite number of monotones is given
in Lemma2 for noisy operations and in Lemma6 for thermal
operations. The noisy operations result can be adapted to
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give an expression for the amount of entanglement required
(or gained) when transforming any pure bipartite state into
another under LOCC. This is given in Appendix A and
generalizes existing expressions for the distillable entangle-
ment [49,50] and cost of entanglement formation [51]. We
also show how p can be upper and lower bounded using
the work of transitions from ρ to σ and σ to ρ. This is done
in Lemma 3 for the case of a trivial Hamiltonian and in
Lemma 7 for the general case.
Finally, we conclude in Sec. IV with a discussion on
other goals, related to Eq. (2), that one could attempt when
making a probabilistic transition. One such goal, the
optimization of the heralded probability, is discussed in
detail in Appendix B, where we obtain bounds on it, even
in the presence of coherence or catalysts. The heralded
probability can be thought of as a generalization of the case
where one achieves Eq. (2) with a measurement, i.e.
ρ ⊗ j0ih0j !TO ρˆ ¼ pσ ⊗ j0ih0j þ ð1 − pÞX ⊗ j1ih1j;
and the transition is conclusive. This allows us to analyze
state fluctuations in the presence of measurements, coher-
ence, and catalysis. We also pose some open questions. One
of these regards how p varies if we supply additional work
to drive the transition from ρ to σ or demand that additional
work be extracted. The solution for qubit systems with a
trivial Hamiltonian is given in Appendix C.
II. PROBABILITY OF TRANSITION UNDER
NOISY OPERATIONS
Before investigating Eq. (2) in the context of thermal
operations, we first consider a simpler, special case—noisy
operations. In this particular instance of thermodynamics,
the Hamiltonian of the system under consideration is trivial.
Noisy operations were first defined in Ref. [15], where the
problem of whether a transition between two given states
under a particular set of operations was considered. Within
noisy operations, the following actions are allowed: (i) a
system of any dimension in the maximally mixed state can
be added, (ii) any subsystem can be discarded through
tracing out, and (iii) any unitary can be applied to the global
system. Throughout this paper, we use ηi to denote the
eigenvalues of ρ and ζi to denote those of σ. For a
comprehensive review of noisy operations, see Ref. [46].
Given two states, ρ and σ, it was shown in Ref. [15] that
transition from ρ to σ is possible under noisy operations
if and only if ρ majorizes σ (written ρ≻σ). That is, if we
list the eigenvalues of ρ and σ [52] in decreasing order
and denote these ordered lists by ~η ¼ fη1;…; ηng and
~ζ ¼ fζ1;…; ζng, respectively, the transition is possible if
and only if
VlðρÞ ≥ VlðσÞ; ∀ l ∈ f1;…; ng; ð3Þ
where
VlðρÞ ¼
Xl
i¼1
ηi: ð4Þ
Lorenz curves are a useful tool for visualizing these criteria
(see Fig. 1). For a given state ρ, its Lorenz curve is formed
by plotting the points( 
k
n
;
Xk
i¼1
ηi
!)
n
k¼1
ð5Þ
and connecting them piecewise linearly [together with the
point (0,0)] to form a concave curve. If ρ majorizes σ, the
Lorenz curve for ρ is never below that of σ.
The functions defined in Eq. (4), and their analogue
in thermal operations, is crucial for the rest of the paper.
They are monotones of the theory, only decreasing under
noisy operations. Excellent reviews regarding the theory
of majorization and Lorenz curves can be found in
Refs. [45,46].
A. Nondeterministic transitions
We now consider transitions when the conditions given
in Eq. (3) are not necessarily fulfilled. Here, rather than
transforming ρ to σ with certainty, we do so with some
probability as formulated in Eq. (2). In particular, we are
interested in the maximum probability p that can be
achieved. A similar problem is considered in Ref. [47] for
entanglement manipulation, and adapting its techniques the
following theorem can be shown.
Theorem 1.—Suppose we wish to transform the state ρ to
the state σ under noisy operations. The maximum value of
p that can be achieved in the transition,
(5/4)
FIG. 1. Lorenz curves. (a) The Lorenz curve for ρ is defined by
plotting the points: fðk=n;Pki¼1 ηiÞgnk¼1. (b) The transition from
σ to ρ is possible under NO, as the curve for σ is never below that
of ρ. (c) The Lorenz curve for a maximally mixed state is given by
the dashed line from (0,0) to (1,1). All other states majorize it.
(d) slogð5=4Þ is an example of a sharp state. (e) sI∞ðσÞ is the least
sharp state that majorizes σ.
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ρ !NO ρ0 ¼ pσ þ ð1 − pÞX; ð6Þ
is given by
p ¼ min
l∈f1;…;ng
VlðρÞ
VlðσÞ
: ð7Þ
Proof.—The proof is split into two parts. First, we apply
Weyl’s inequality and the definition of majorization to
derive a contradiction if it were possible to achieve a
value of p large than p. Next, we adapt the techniques of
Ref. [47] to provide a protocol achieving p ¼ p.
To achieve our first goal, we begin by showing that,
given Eq. (6),
VlðρÞ ≥ pVlðσÞ; ∀ l: ð8Þ
To prove this, we make use of Weyl’s inequality [53,54].
Given n × n Hermitian matrices, A, B, and C, such
that A¼BþC, let faigni¼1, fbigni¼1, and fcigni¼1 be their
respective eigenvalues arranged in descending order.
Weyl’s inequality then states that
bi þ cn ≤ ai ≤ bi þ c1; ð9Þ
for all i. Applying this to ρ0, σ, and X, we obtain
η0i ≥ pζi þ ð1 − pÞxn; ∀ i; ð10Þ
where xn is the smallest eigenvalue of X. As X is a positive
semidefinite matrix, xn ≥ 0 and
η0i ≥ pζi; ∀ i: ð11Þ
Hence,
VlðρÞ ≥ Vlðρ0Þ ¼
Xl
i¼1
η0i ≥ p
Xl
i¼1
ζi ¼ pVlðσÞ; ð12Þ
where the first inequality uses Eq. (3) and the second
follows from Eq. (11).
Now, suppose it was possible to achieve a value of p
greater than p in Eq. (7). Then there would exist an l such
that VlðρÞ < pVlðσÞ, contradicting Eq. (8).
To show that p is obtainable, we define the following
quantities. First, define l1 by
l1 ¼ max

l∶
VlðρÞ
VlðσÞ
¼ p ≡ rð1Þ

: ð13Þ
Then we proceed iteratively and, provided li−1 < n, define
rðiÞ ¼ min
l>li−1
VlðρÞ − Vli−1ðρÞ
VlðσÞ − Vli−1ðσÞ
; ð14Þ
so we have
rðiÞ
Xl
j¼li−1þ1
ζj ≤
Xl
j¼li−1þ1
ηj; ∀ l > li−1: ð15Þ
Define li by
li ¼ max

l∶l > li−1;
VlðρÞ − Vli−1ðρÞ
VlðσÞ − Vli−1ðσÞ
¼ rðiÞ

: ð16Þ
Note that we have rðiÞ > rði−1Þ. To see this, first observe
that for a, b, c, d > 0,
a
b
<
aþ c
bþ d⇔
a
b
<
c
d
: ð17Þ
Setting
a ¼ Vli−1ðρÞ − Vli−2ðρÞ;
b ¼ Vli−1ðσÞ − Vli−2ðσÞ;
c ¼ VliðρÞ − Vli−1ðρÞ;
d ¼ VliðσÞ − Vli−1ðσÞ;
so ða=bÞ ¼ rði−1Þ and ðc=dÞ ¼ rðiÞ, then
aþ c
bþ d ¼
VliðρÞ − Vli−2ðρÞ
VliðσÞ − Vli−2ðσÞ
> rði−1Þ ¼ a
b
;
where the inequality follows from the definition of
rði−1Þ. Using Eq. (17), the claim that rðiÞ > rði−1Þ now
follows. Overall, this protocol generates a set of li such
that 0¼ l0< l1<…< lk¼ n and a set of ri such that
p ¼ rð1Þ <… < rðkÞ.
Now, we split ρ and σ into blocks and define
ρi ¼ diagðηli−1þ1;…; ηliÞ; ð18Þ
σi ¼ diagðζli−1þ1;…; ζliÞ: ð19Þ
Then from Eq. (15) (and the fact that equality occurs when
l ¼ li), ρi majorizes rðiÞσi and we can perform
ρi !NO rðiÞσi ¼ pσi þ ðrðiÞ − pÞσi; ∀ i: ð20Þ
With a bit of massaging and recombining the blocks, this is
the same form as Eq. (6) with p ¼ p and the blocks of X
being defined by
Xi ¼
rðiÞ − p
1 − p
σi: ð21Þ
▪
Note that as the end points of the Lorenz curves coincide
at (1,1) and η1 > 0, we are guaranteed that 0 < p ≤ 1.
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If we want to obtain σ from ρ with probability p rather
than have it as part of a probabilistic mixture as per Eq. (6),
we can do so by performing a two-outcome measurement,
with measurement operators f ﬃﬃﬃﬃﬃMp ; ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃI −Mp g, where the
blocks of M are given by
Mi ¼ diag

p
rðiÞ
;…;
p
rðiÞ

: ð22Þ
To see that M is a valid measurement, we note that, in
general, 0 < ðp=rðiÞÞ ≤ 1. Hence, both f ﬃﬃﬃﬃﬃMp ; ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃI −Mp g
are well defined, and their squares trivially add up to the
identity.
After applying this measurement to ρ0 and reading the
result, we have either
ﬃﬃﬃﬃﬃ
M
p
ρ0
ﬃﬃﬃﬃﬃﬃ
M†
p
¼ pσ ð23Þ
or
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðI −MÞ
p
ρ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðI −MÞ†
q
¼ ð1 − pÞX: ð24Þ
However, performing this measurement is outside of the
class of noisy operations and, hence, costs work. As such, if
a general two-outcome measurement is allowed without
taking its cost into account, it can be possible to transform ρ
into σ with probability greater than p. For example, if ρ
and σ are qubits, we can convert ρ into σ with certainty
using this extra resource. We first add an additional qubit in
the maximally mixed state and then measure it in the
computational basis. This results in a pure state, either j0i
or j1i. As these majorize all other qubit states, we can use it
to obtain any σ with certainty.
B. Nonuniformity of transition under noisy operations
If it is not possible to deterministically convert ρ into σ
using noisy operations, to perform the transformation with
certainty will cost some resource, in the form of nonun-
iformity. For instance, if we add some pure states of
sufficiently high dimension, a previously impossible tran-
sition will become possible. Adding these additional
pure states can be thought of as the analogue to adding
work. Similarly, if ρ can be converted into σ using noisy
operations, it may be possible to extract some nonun-
iformity (e.g., by transforming some maximally mixed
states into pure states). This is the analogue of extracting
work. More generally, we extract or expend the equivalent
of work using sharp states. These sharp states, as discussed
in the next section, serve as a natural unit for the
nonuniformity resource. We compute the nonuniformity
of transition in terms of a finite set of ratios of monotones.
This is done in a similar manner to Ref. [46], although we
show that the minimization can be done over fewer points.
1. Sharp states
Quantifying the optimal amount of work of transition for
the more general thermal operations was considered in
Refs. [20,24]. We denote the noisy operations equivalent to
work, the nonuniformity of transition, by Iρ→σ. If nonun-
iformity must be added, the quantity is negative; while
if we can extract nonuniformity, it will be positive.
For jIρ→σj ¼ logðd=jÞ, we define an associated sharp state
[46] by
sjIρ→σ j ¼ diag

1
j
;…;
1
j|ﬄﬄﬄ{zﬄﬄﬄ}
j
; 0;…; 0|ﬄﬄﬄ{zﬄﬄﬄ}
d−j

: ð25Þ
Appending a sharp state Ilog ðd=jÞ to the system is equivalent
to introducing log dj units of nonuniformity. See Fig. 1 for
an example of a sharp state’s Lorenz curve. The state sjIρ→σ j
is such that
ρ ⊗ sjIρ→σ j !
NO
σ; if Iρ→σ ≤ 0;
ρ !NO σ ⊗ sjIρ→σ j; if Iρ→σ > 0:
ð26Þ
In terms of Lorenz curves, tensoring a state ρ with a sharp
state sI has the effect of compressing the Lorenz curve of ρ
by a factor of 2−I with respect to the x axis [20].
2. Monotones for noisy operations and the
nonuniformity of transition
The function VlðρÞ is equal to the height of the Lorenz
curve of ρ at x ¼ ðl=nÞ. An alternative set of monotones,
LyðρÞ where 0 ≤ y ≤ 1, can be defined as the shortest
horizontal distance between the Lorenz curve of ρ and the y
axis at y. Note that these functions never decrease under
noisy operations. In particular,
LykðρÞ ¼
k
n
; for yk ¼
Xk
i¼1
ηi; 1 ≤ k < rankðρÞ;
L1ðρÞ ¼
rankðρÞ
n
:
ð27Þ
If we define the set DðσÞ by
DðσÞ ¼
(Xk
i¼1
ζi
)
rankðσÞ
k¼1
; ð28Þ
then a transition from ρ to σ is achievable with certainty
under noisy operations if and only if
LyðρÞ ≤ LyðσÞ; ∀ y ∈ DðσÞ: ð29Þ
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That it is sufficient to consider only y ∈ DðσÞ is justi-
fied below.
The horizontal monotones Ly also allow us to quantify
the optimal work of transition that is required or extracted
in going from ρ to σ.
Lemma 2.—Given two states ρ and σ, under noisy
operations:
2−Iρ→σ ¼ max
y∈DðσÞ
LyðρÞ
LyðσÞ
: ð30Þ
Proof.—To prove this, we make use of the geometrical
structure of Lorenz curves and the properties of Iρ→σ. Note
that we have
2−Iρ→σ ¼ max
y∈½0;1
LyðρÞ
LyðσÞ
; ð31Þ
as this follows from the fact that to obtain the optimal value
of Iρ→σ, we wish to rescale the Lorenz curve of ρ with
respect to the x axis in such a way that it just majorizes that
of σ—the curves should touch but not cross. The amount
that we need to rescale by is given by Eq. (31).
We now show that it is sufficient to maximize over
y∈DðσÞ. Let s0 ¼ 0 and sk¼
P
k
i¼1ζi for 1≤ k≤ rankðσÞ.
Then, for 1 ≤ j ≤ rankðσÞ, as the Lorenz curve of σ is a
straight line on the interval ½sj−1; sj and the Lorenz curve
of ρ is concave,
max
y∈½sj−1;sj
LyðρÞ
LyðσÞ
≤ max
r∈½0;1
rLsj−1ðρÞ þ ð1 − rÞLsjðρÞ
r j−1n þ ð1 − rÞ jn
: ð32Þ
It is straightforward to check that themaximumvalue occurs
at either r ¼ 0 or r ¼ 1.We can thus replace the inequality in
Eq. (32) with an equality, and it follows that it suffices to
maximize over y ∈ DðσÞ. ▪
As ρ!NO σ is possible if and only if Iρ→σ ≥ 0, the finite set
in Eq. (29) is justified.
Note that in Ref. [46] it was shown that it is possible
to calculate Iρ→σ by performing an optimization over the
ratios calculated at the “elbows” (see Fig. 1 for a definition)
of both ρ and σ. In Lemma 2 we show that it suffices to
consider just the elbows of σ.
3. Bounds on the transition probability
The quantities Iρ→σ and Iσ→ρ can be used to bound p as
follows.
Lemma 3.—Given two states ρ and σ, under noisy
operations:
2Iρ→σ ≤ p ≤ 2−Iσ→ρ ; ð33Þ
where as p ≤ 1, we assume Iρ→σ ≤ 0. If Iρ→σ ≥ 0,
p ¼ 1, and the transformation from ρ to σ can be done
deterministically, potentially extracting a finite amount of
nonuniformity.
Proof.—We start proving with the lower bound, giving a
protocol that achieves p ¼ 2Wρ→σ . The upper bound is
derived by considering properties of the purity of the least
sharp state that majorizes ρ.
Assuming jWρ→σj ¼ logðd=jÞ for simplicity, and defin-
ing Id to be the maximally mixed state of a d-level system:
ρ !NO ρ ⊗ Id
¼ j
d
ρ ⊗ slog ðd=jÞ þ
d − j
d
ρ ⊗ slog ½d=ðd−jÞ
!NO j
d
σ ⊗ Id þ
d − j
d
Y
!NO j
d
σ þ d − j
d
TrBY; ð34Þ
where Y is the state obtained by applying the second noisy
operation to ρ ⊗ slog ½d=ðd−jÞ. Using this protocol, we obtain
something of the form of Eq. (6), with p ¼ 2Iρ→σ and
X ¼ TrBY. As p is the maximum value of p obtainable in
Eq. (6), we derive the lower bound.
We now consider the upper bound, and to obtain a useful
bound, assume Iσ→ρ > 0. We define I∞ðρÞ as the nonun-
iformity of formation of ρ under NO [18], given by
I∞ðρÞ ¼ − log η1n, and, hence, let sI∞ðρÞ be the least sharp
state that majorizes ρ (see Fig. 1). Note that I∞ decreases
under noisy operations and is additive across tensor
products [46]. In terms of the eigenvalues of ρ and σ:
sI∞ðρÞ ¼ slog ðη1nÞ;
sI∞ðσÞ ¼ slog ðζ1nÞ:
ð35Þ
By definition, as Iσ→ρ > 0:
σ !NO ρ ⊗ sIσ→ρ : ð36Þ
Now, using first the monotonicity of I∞ and then the
additivity:
I∞ðσÞ ≥ I∞ðρ ⊗ sIσ→ρÞ ðmonotonicityÞ
¼ I∞ðρÞ þ Iσ→ρ ðadditivityÞ
⇒ Iσ→ρ ≤ I∞ðσÞ − I∞ðρÞ
¼ log ðζ1nÞ − log ðη1nÞ
¼ log

ζ1
η1

⇒ 2−Iσ→ρ ≥
η1
ζ1
¼ V1ðρÞ
V1ðσÞ
≥ p ðby definitionÞ
as required. ▪
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FromEq. (33),we see thatwhen Iρ→σ ¼−Iσ→ρ≡I (that is,
in a reversible transition), then p ¼ 2−I. This occurs when
either σ ¼NO ρ ⊗ sjIj or ρ ¼NO σ ⊗ sjIj, depending on whether I
is positive or negative (when I ≥ 0 the transition is deter-
ministic). In terms of Lorenz curves, this means that the
curves of ρ and σ have the same shape up to rescaling by a
factor 2−I. In particular, this is the casewhen both ρ and σ are
sharp states, where both Lorenz curves are straight lines.
This result can be applied in the thermodynamic regime
of many independent copies. If we want to perform a
transition such as
ρ⊗N → σ⊗N; ð37Þ
we need an amount of work given by −NIρ→σ. Hence, the
probability of success in such a case is bound by
2NIρ→σ ≤ p ≤ 2−NIσ→ρ ; ð38Þ
which tends to 0 for large N. This can be seen as a way in
which in the thermodynamic limit statistical fluctuations
are suppressed.
4. Lorenz curve interpretation
In terms of Lorenz curves, adding Iρ→σ nonuniformity to
ρ to make the transition possible is equivalent to com-
pressing the Lorenz curve with respect to the x axis by a
ratio 2−Iρ→σ , such that the curve of ρ lies just above and
touches that of σ. Hence, a compression by p ≥ 2−Iρ→σ
must mean that there is at least a point of the compressed
curve just below or touching σ. A proof of this is given
in Fig. 2.
Extracting Iσ→ρ nonuniformity from σ before performing
NO into ρ is equivalent to compressing the curve of ρ by a
ratio of 2−Iσ→ρ such that the curve of σ lies just above and
touches that of ρ. Hence, to prove the upper bound in
Eq. (33), it suffices to show that in compressing the curve of
ρ by p at least one point of the new curve must lie above or
touch that of σ. In Fig. 3, we show a diagrammatic version
of the proof given in Sec. II B.
It should be noted that with Lemma 3 we are proving a
general statement about convex Lorenz curves. This is, that
the minimum vertical ratio of two given curves (p) is
lower and upper bounded, respectively, by the minimum
and maximum horizontal ratio of the two.
III. PROBABILITY OF TRANSITION UNDER
THERMAL OPERATIONS
Noisy operations can be generalized to include systems
with arbitrary, finite Hamiltonians. This is the resource
theory of thermal operations [20,34,35,48]. Within this
scheme, the allowed operations are (i) a system with any
Hamiltonian in the Gibbs state of that Hamiltonian can be
added, (ii) any subsystem can be discarded through tracing
out, and (iii) any energy-conserving unitary, i.e., those
unitaries that commute with the total Hamiltonian, can be
applied to the global system. These operations model the
thermodynamics of a system in the presence of an ideal heat
bath [20,48]. Note that while the heat bath the system is in
contact with is assumed to be large, thermal operations
include processes that interact with only a small part of the
FIG. 2. We plot the curves of ρ, σ, and ρ compressed by p
(with respect to the x axis). The points A and B at which the
vertical ratio between the curves of ρ and σ is maximum (which
sets l1 and p), and the sharp states that pass through those points,
are also shown as dashed lines. After compressing the Lorenz
curve of ρ by a ratio of p, the point B will be taken to C, which
will always either be below the curve of σ or just touching it. This
proves the lower bound in Eq. (33).
FIG. 3. We plot the curves of ρ, σ, and ρ compressed by p
(with respect to the x axis). The points A and B at which the
vertical ratio between the curves of ρ and σ is maximum (which
sets l1 and p) and the sharp states I∞ðρÞ and I∞ðσÞ are also
shown as dashed lines. Given that for sharp states all bounds are
saturated, the appropriate maximum vertical and horizontal ratios
coincide, and are η1=ζ1, the ratio of the heights of B0 and A0. But
this ratio is, by definition, bigger than or equal to p, the ratio
between A and B. This means that if the curve of ρ is compressed
by p, the point B0 is mapped to C just above or touching the
curve of σ, proving the upper bound of Eq. (33).
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bath. As such, limitations derived with respect to such an
idealized bath can be regarded as truly fundamental. Even
though the bath size can be large, the system of interest is
fixed, and can, for example, be only a single system. They
thus describe processes beyond the thermodynamic limit.
In general, the initial and final systems may have
different Hamiltonians but, by making use of the “switch-
ing qubit” construction in Ref. [20], we can without loss of
generality assume that the initial and final Hamiltonians are
the same. As such, the results in this section assume this,
but in Sec. III D we discuss how a changing Hamiltonian
affects them. In Appendix H of Ref. [48], it was shown that
other mainstream thermodynamical paradigms such as
time-dependent Hamiltonians, the insertion of interaction
terms between system, bath, and work systems, and various
master equations are all included within the scope of
thermal operations.
In the absence of catalysts, and provided the final state is
block diagonal in the energy eigenbasis, it was established
in Ref. [20] that a transition from ρ to σ is possible under
thermal operations if and only if ρ thermomajorizes σ. This
is similar in form to the majorization criteria of noisy
operations and can be visualized in terms of thermomajo-
rization diagrams, which are similar to Lorenz curves but
with two crucial differences.
Suppose ρ is also block diagonal in the energy eigenbasis
with eigenvalue ηi associated with energy level Ei, for
1 ≤ i ≤ n. First, rather than ordering according to the
magnitude of ηi, we instead β-order them, listing ηieβEi in
descending order.
The second difference is that we no longer plot the
β-ordered ηi at evenly spaced intervals. Instead, we plot
the points ( Xk
i¼1
e−βE
ðρÞ
i ;
Xk
i¼1
ηðρÞi
!)
n
k¼1
; ð39Þ
where the superscript ρ on Ei and ηi indicates that they
have been β-ordered and this ordering depends on ρ.
Thermomajorization states that ρ can be deterministically
converted into a block-diagonal σ if and only if its
thermomajorization curve never lies below that of σ, as
is shown in Fig. 4. This is analogous to the case of noisy
operations. In what follows, we assume that the ηi have
been β-ordered unless otherwise stated.
If ρ is not block diagonal in the energy eigenbasis, to
determine if a transition is possible, we consider the
thermomajorization curve associated with the state formed
by decohering ρ in the energy eigenbasis. This state, ρD, is
given by
ρD ¼
Xn
i¼1
jEiihEijρjEiihEij; ð40Þ
where jEii is the eigenvector of the system’s Hamiltonian
associatedwith energy levelEi. The operation of decohering
ρ to give ρD is a thermal operation and commutes with all
other thermal operations [48].A transition fromρ to σ, where
σ is block diagonal in the energy eigenbasis, can be made
deterministically if and only if the thermomajorization curve
of ρD is never below that of σ.
Finally, if σ is not block diagonal, a transition from ρ to σ
is possible only if ρD thermomajorizes σD, and finding a set
of sufficient conditions is an open question.
In what follows, the thermomajorization curve of a state
with coherences is defined to be the thermomajorization
curve of that state decohered in the energy eigenbasis as
per Eq. (40).
Similarly to how Eq. (4) defines monotones for the noisy
operations resource theory, the height of the β-ordered
thermomajorization curves provides monotones for thermal
operations. If we denote the height of the thermomajoriza-
tion curve of ρ at x by ~VxðρÞ, for 0 ≤ x ≤ Z (where Z is the
partition function), then by the thermomajorization criteria,
this function is nonincreasing under thermal operations. In
particular, for block-diagonal ρ, we have
~VxkðρÞ ¼
Xk
i¼1
ηðρÞi ; where xk ¼
Xk
i¼1
e−βE
ðρÞ
i : ð41Þ
These monotones also give us an alternative way of stating
the thermomajorization criteria.
Theorem 4.—Suppose σ is block diagonal in the energy
eigenbasis. Let LðσÞ ¼ fPki¼1 e−βEðσÞi gnk¼1. Then ρ can be
deterministically converted into σ under thermal operations
if and only if
~VxðρÞ ≥ ~VxðσÞ; ∀ x ∈ LðσÞ: ð42Þ
FIG. 4. We show the β-ordered thermomajorization diagrams
for various states of the system. Note that different states may
have different β-orderings, and the markings on the x axis
correspond to one particular β-ordering. The curves always
end at ðZ; 1Þ. The thermomajorization criteria states that we
can take a state to another under thermal operations if and only if
the curve of the initial state is above that of the final state. Hence,
in this case (provided ρ is block diagonal in the energy
eigenbasis) there is a set of operations such that σ!TO ρ, but
not for the reverse process.
ALHAMBRA, OPPENHEIM, and PERRY PHYS. REV. X 6, 041016 (2016)
041016-8
Proof.—To prove this theorem, we make use of
the concavity properties of thermomajorization curves.
Suppose ρ!TO σ. Then by thermomajorization, ~VxðρÞ ≥
~VxðσÞ, for 0 ≤ x ≤ Z, and, in particular, Eq. (42) holds.
Conversely, suppose Eq. (42) holds and, setting t0 ¼ 0,
label the elements of LðσÞ arranged in increasing order by
ti for i ¼ 1 to n. Then on the interval ½ti−1; ti, for 1 ≤ i ≤ n,
the thermomajorization curve of σ is given by a straight
line. From ρ, define the block-diagonal state ρσ by the
thermomajorization curve,
f(ti; ~VtiðρÞ)gni¼1; ð43Þ
and note that, due to the concavity of thermomajorization
curves, ρ thermomajorizes ρσ . On the interval ½ti−1; ti,
1 ≤ i ≤ n, the thermomajorization curve of ρσ is also given
by a straight line. The construction of this state ρσ is shown
in Fig. 5.
As ~VtiðρσÞ ¼ ~VtiðρÞ, ∀i by construction, Eq. (42)
implies that ~VtiðρσÞ ≥ ~VtiðσÞ, ∀i. Hence, on the interval
½ti−1; ti, 1 ≤ i ≤ n, the thermomajorization curves for ρσ
and σ, and therefore ρ and σ, do not cross. As this holds for
all i and the intervals cover ½0; Z, the thermomajorization
curve of ρ is never below that of σ and we can perform
ρ!TO σ deterministically. ▪
If we define the number of elbows in the thermomajo-
rization curve of σ to be j, this reduces thermomajorization
to checking j criteria and generalizes Lemma 17 of
Ref. [46] to thermal operations. Note also that if σ is not
block diagonal in the energy eigenbasis, Eq. (42) gives a
necessary but not sufficient condition for the transition
from ρ to σ to be possible.
A. Nondeterministic transformations
Having defined the appropriate monotones for thermal
operations, we are now in a position to investigate
nondeterministic transformations and prove a theorem
analogous to Theorem 1.
Theorem 5.—Suppose we wish to transform the state ρ to
the state σ under thermal operations. The maximum value
of p, p that can be achieved in the transition
ρ!TO ρ0 ¼ pσ þ ð1 − pÞX ð44Þ
is such that
p ≤ min
x∈LðσÞ
~VxðρÞ
~VxðσÞ
: ð45Þ
Furthermore, if σ is block diagonal in the energy eigen-
basis, there exists a protocol that achieves the bound.
Proof.—Proving this result is more complicated than
proving Theorem 1 due to the fact that ρ and σ may have
different β-orderings. We proceed as before, first showing
the bound in Eq. (45) and then giving a protocol that
achieves the bound when σ is block diagonal.
We prove the bound in Eq. (45) by constructing useful
intermediate curves between those of ρ and pσ to deal with
differing β-orders. With these in place, the result follows in
a similar manner to Theorem 1.
We begin by showing that given Eq. (44),
~VxðρÞ ≥ p ~VxðσÞ; ∀ x ∈ ½0; Z: ð46Þ
First consider (for general σ) the maximum value of p that
can be achieved in attempting to convert ρ into σ. As
decohering is a thermal operation, this value of p can also
be achieved when attempting to convert ρ into σD:
ρ!TO ρ0 ¼ pσ þ ð1 − pÞX
!decohereρ0D ¼ pσD þ ð1 − pÞXD:
Thus, to upper bound p, it suffices to show that Eq. (45)
holds for block-diagonal σ. Furthermore, without loss of
generality. we can assume that ρ0 and X are also block
diagonal. Using Weyl’s inequality as per Theorem 1 to deal
with degenerate energy levels, for block-diagonal ρ0, σ,
and X, we have
η0i ≥ pζi; ∀ i: ð47Þ
Now, consider the subnormalized thermomajorization
curve of pσ given by the points
Xk
i¼1
e−βE
ðσÞ
i ; p
Xk
i¼1
ζðσÞi
n
k¼1
ð48Þ
and the (possibly nonconcave) curve formed by plotting the
eigenvalues of ρ0 according to the β-ordering of σ. This is
given by the points
FIG. 5. Here, we illustrate the construction of the state ρσ used
in the proof of Theorem 4. The points of the curve ρ that are at the
same horizontal position as the elbows of σ are joined, and by
concavity the resultant curve is always below ρ.
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Xk
i¼1
e−βE
ðσÞ
i ;
Xk
i¼1
η0i
ðσÞ
n
k¼1
: ð49Þ
By Eq. (47), the curve defined in Eq. (49) is never below
that defined in Eq. (48).
Finally, the thermomajorization curve of ρ0 is given by
Xk
i¼1
e−βE
ðρ0Þ
i ;
Xk
i¼1
η0i
ðρ0Þ
n
k¼1
: ð50Þ
Note that attempting to construct a thermomajorization
curve for ρ0 with respect to the β-ordering of another state,
as we do in Eq. (49), has the effect of rearranging the
piecewise linear segments of the true thermomajorization
curve. This means that they may no longer be joined from
left to right in order of decreasing gradient. Such a curve
will always be below the true thermomajorization curve. To
see this, imagine constructing a curve from the piecewise
linear elements and, in particular, trying to construct a curve
that would lie above all other possible constructions.
Starting at the origin, we are forced to choose the element
with the steepest gradient—all other choices would lie
below this by virtue of having a shallower gradient. We
then proceed iteratively, starting from the end point of the
previous section added and choosing the element with
the largest gradient from the remaining linear segments.
The construction that we obtain is the true thermomajoriza-
tion curve. A graphical description of this proof is shown
in Fig. 6.
As such, the curve in Eq. (50) is never below that in
Eq. (49). This gives us
~VxðρÞ ≥ ~Vxðρ0Þ ≥ p ~VxðσÞ; ð51Þ
where the first inequality holds as, by definition, ρ
thermomajorizes ρ0. In particular, we have
p ≤ min
x∈LðσÞ
~VxðρÞ
~VxðσÞ
: ð52Þ
When σ is block diagonal in the energy eigenbasis, a
protocol that saturates the bound is
ρ!TO ρσ
!TO ρ0σ ¼ pσ þ ð1 − pÞX;
where ρσ is defined in Eq. (43) and is thermomajorized by
ρ. As ρσ and σ have the same β-ordering and
~VxðρÞ
~VxðσÞ
¼
~VxðρσÞ
~VxðσÞ
; ∀ x ∈ LðσÞ; ð53Þ
applying the same construction used in Theorem 1 gives a
strategy to produce ρ0σ that achieves
p ¼ min
x∈LðσÞ
~VxðρÞ
~VxðσÞ
: ð54Þ
▪
B. Measuring whether the transition occurred
under thermal operations
For block-diagonal σ, after obtaining ρ0 through thermal
operations we may apply the measurement defined by
Eq. (22) to extract our target state with probability p. This
can be done through a process that uses an ancilla qubit
system Q that starts and ends in the state j0i and has
associated Hamiltonian, HQ ¼ I2, a unitary that correlates
the system with the ancilla and a projective measurement
on the ancilla qubit. As the measurement operators are
diagonal in the energy eigenbasis, we find that the unitary is
energy conserving and within the set of thermal operations.
Furthermore, the ancilla that is used to perform the
positive operator valued measure (POVM) can be returned
back into its original state. Hence, the only cost we have
to pay is to erase the record of the measurement outcome
itself. As is well known [55], the cost of erasing the record
is kT log 2, although if one is repeating the process many
times, then it is kThðpÞ, with hðpÞ the binary entropy
hðpÞ ¼ −p logp − ð1 − pÞ log ð1 − pÞ [23].
The unitary that we use is given by
USQ ¼
 ﬃﬃﬃﬃﬃ
M
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I −M
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I −M
p
−
ﬃﬃﬃﬃﬃ
M
p

; ð55Þ
where M is defined as per Eq. (22). Note that USQ ¼ U†SQ.
Its effect on the initial joint state is
FIG. 6. Here, we show graphically the steps of the proof of the
first part of Theorem 5. In the decomposition of Eq. (44) the curve
pσ must always be below that of ρ0 and, hence, also ρ. This sets
the maximum probability p as defined in Eq. (45). Both pσ and
the disordered ρ0 have the same β-ordering.
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USQðρ0 ⊗ j0ih0jÞU†SQ
¼
 ﬃﬃﬃﬃﬃ
M
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p
−
ﬃﬃﬃﬃﬃ
M
p

ρ0 0
0 0
 ﬃﬃﬃﬃﬃ
M
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p
−
ﬃﬃﬃﬃﬃ
M
p

¼
 ﬃﬃﬃﬃﬃ
M
p
ρ0
ﬃﬃﬃﬃﬃ
M
p ﬃﬃﬃﬃﬃ
M
p
ρ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p
ρ0
ﬃﬃﬃﬃﬃ
M
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p
ρ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p

¼

pσ
ﬃﬃﬃﬃﬃ
M
p
ρ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I−M
p
ρ0
ﬃﬃﬃﬃﬃ
M
p ð1−pÞX

:
If we now measure the ancilla in the computational basis,
the joint state will collapse to σ ⊗ j0ih0j when the 0
outcome is observed. This happens with probability p.
If the 1 outcome is observed, the joint state collapses to
X ⊗ j1ih1j, and this happens with probability 1 − p. In
addition, if the 1 outcome is observed, we can then apply a
Pauli Z to the ancilla qubit to return it to its initial state.
To see that USQ commutes with the total Hamiltonian
and belongs to the class of thermal operations, first note
that the total Hamiltonian is given by
HSQ ¼ HS ⊗ I2 þ In ⊗ I2: ð56Þ
The unitary trivially commutes with the second term, so
focusing on the first term, and noting that M and HS are
both diagonal matrices so commute, it is easy to check that
½USQ; HS ⊗ I2 ¼
 ﬃﬃﬃﬃﬃ
M
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I −M
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I −M
p
−
ﬃﬃﬃﬃﬃ
M
p
!
HS 0
0 HS

−

HS 0
0 HS
 ﬃﬃﬃﬃﬃ
M
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I −M
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I −M
p
−
ﬃﬃﬃﬃﬃ
M
p

¼ 0:
Hence, ½USQ; HSQ ¼ 0.
Observe that this reasoning can be generalized to
measurements with s outcomes [56]. Provided the meas-
urement operators commute with HS, the measurement can
be performed using an s-level ancilla system with trivial
Hamiltonian and a joint energy-conserving unitary. Such a
measurement can be performed for free up to having to
spend work to erase the record of the measurement out-
come at a cost of kT ln s. On the other hand, channels that
are not composed of thermal operations (including some
measurements characterized by nondiagonal operators) can
be seen as a resource [57].
C. Work of transition under thermal operations
1. Work systems
In general, if we want a transition ρ → σ to be possible,
work may have to be supplied. Alternatively, if a transition
can be achieved with certainty, it may be possible to extract
work. For the thermodynamics of small systems, the
concept of deterministic work (also referred to in the
literature as single-shot or worst-case work) has been
introduced [18,20,21].
Within the thermal operation paradigm, the optimal
amount of work that must be added or gained can be
quantified using the energy gap W of a two-level system
with ground state j0i and excited state jWi with energy W.
The associated Hamiltonian is
H ¼ WjWihWj: ð57Þ
The work of transition Wρ→σ is such that
if Wρ→σ ≤ 0;
ρ ⊗ jWρ→σihWρ→σj !TO σ ⊗ j0ih0j;
if Wρ→σ > 0;
ρ ⊗ j0ih0j !TO σ ⊗ jWρ→σihWρ→σj:
ð58Þ
Defining work in such a way enables the quantification
of the worst-case work of a process. When Wρ→σ is
negative, it can be interpreted as the smallest amount of
work that must be supplied to guarantee that the transition
takes place. If it is positive, it is the largest amount of work
we are guaranteed to extract in the process. As the work
system is both initially and finally in a pure state, no entropy
is contained within it and its energy change must be
completely due to work being exchanged with the system.
Given the energy-conservation law that thermal operations
follow (equivalent to the first law), this idea of work
automatically yields a definition of what heat is. In a given
operation, the change in energy ofwork bit, system, and heat
bath must be zero, and, hence, we can straightforwardly
FIG. 7. We show the thermomajorization curves of a state to
which a work qubit in one of two pure states has been tensored.
Adding this work system takes Z → Zð1þ e−βWÞ, extending the
x axis. When we tensor with the ground state to form ρ ⊗ j0ih0j,
the curve is the same as for ρ alone, but when the excited state is
tensored, there is a change in the energy levels of the β-ordering,
and as a result the curve of ρ is compressed by a ratio of e−βW .
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identify heat as the change in energy of the heat bath, or
minus the change in energy on system and work bit.
As we illustrate in Fig. 7, the effect of appending a pure
state of work to ρ is equivalent to stretching the thermo-
majorization curve by a factor of e−βW , and tensoring by the
corresponding ground state to σ does not change the curve
[20]. In both cases the β-order is preserved, and the new
curves will have a lengthened x axis ½0; Zð1þ e−βWÞ.
These different stretchings can serve to place the curve of ρ
just above that of σ, in which case W will be the work of
transition, in a similar way to the case of nonuniformity
within noisy operations.
2. Monotones under thermal operations, and the
work of transition
In thermal operations, the horizontal distance between a
state’s thermomajorization curve and the y axis is again a
monotone for each value of y ∈ ½0; 1. We denote these by
~Ly and, as before, they never decrease under thermal
operations. In particular, for block-diagonal ρ, we have
~LykðρÞ ¼
Xk
i¼1
e−βE
ðρÞ
i ; for yk ¼
Xk
i¼1
ηðρÞi ; 1 ≤ k < rankðρÞ;
~L1ðρÞ ¼
Xrank
i¼1
e−βE
ðρÞ
i ; ð59Þ
where all sums have been properly β-ordered.
Similarly to Lemma 2, we have the following.
Lemma 6.—Given two states ρ and σ, where σ is block
diagonal in the energy eigenbasis, under thermal operations:
e−βWρ→σ ¼ max
y∈DðσÞ
~LyðρÞ
~LyðσÞ
: ð60Þ
The proof is nearly identical to that given in Lemma 2 for
noisy operations, and so we omit it here.
If σ is not block diagonal, the right-hand side of Eq. (60)
lower bounds e−βWρ→σ . To see this, recall that decohering
commutes with thermal operations, and, hence, if the
transition ρ ⊗ j0ih0j → σ ⊗ jWρ→σihWρ→σj is possible,
so is ρ ⊗ j0ih0j → σD ⊗ jWρ→σihWρ→σj, and, hence,
Wρ→σ ≤ Wρ→σD .
3. Bounds on the transition probability
We can prove a result analogous to Eq. (33) for the
thermal case.
Lemma 7.—Given two states ρ and σ, where σ is block
diagonal in the energy eigenbasis, under thermal operations:
eβWρ→σ ≤ p ≤ e−βWσ→ρD ; ð61Þ
where as p ≤ 1, we assume Wρ→σ ≤ 0. If Wρ→σ ≥ 0,
p ¼ 1, and the transformation from ρ to σ can be done
deterministically, potentially extracting a finite amount
of work.
Proof.—The previous Lemma 3 can be seen as a general
statement about pairs of concave Lorenz-like curves: the
minimum vertical ratio is lower and upper bounded by the
minimum and maximum horizontal ratios of the two. Given
our previous definitions of the work of transition, and the
fact that p is the minimum vertical ratio of the two Lorenz
curves (as shown in Theorem 5), the result follows. ▪
The upper bound of Lemma 7 can be related to the
Jarzynski equality, which is found to hold for general
thermal operations applied to the system in an initial
thermal state (see Ref. [36] for further details). The equality
states that, for a given thermal operation that extracts work
w with some probability pðwÞ, we have that
heβwi ¼
X
w
eβwpðwÞ ¼ 1: ð62Þ
The Jarzynski equation is valid if the initial state is
thermal, so let us take the special case of Lemma 7, of a
process where we start with a thermal state τ and proba-
bilistically go to some σ diagonal in energy, with optimal
probability p. Because τ is the fixed point, the effect of that
operation is trivial:
τ!TOρ0 ¼ τ ¼ pσ þ ð1 − pÞX: ð63Þ
Now, if we append an idealized weight with Hamiltonian
HW ¼
R
R dwwjwihwj as a work storage system initially in
the state j0i, by definition there exists a different set of
thermal operations that extracts work Wσ→τ from σ:
σ ⊗ j0ih0j !TO τ ⊗ jWσ→τihWσ→τj: ð64Þ
By linearity, applying this set of TO to τ¼pσþð1−pÞX
yields
pτ ⊗ jWσ→τihWσ→τj þ ð1 − pÞX0SW; ð65Þ
where X0SW is some joint system-weight state, with the
weight in some work distribution pXðwÞ. Note that this
operation is applied on both system and weight, and does
not need to conserve the thermal state of the system alone.
The Jarzynski equality for this operation reads as follows:
peβWσ→τ þ ð1 − pÞ
X
w
pXðwÞeβw ¼ 1: ð66Þ
The second term in this sum is positive, and, hence, we
have
peβWσ→τ ≤ 1; ð67Þ
which is the upper bound of Lemma 7.
Note that in situations where the upper bound is saturated
(such as reversible processes with Wσ→τ ¼ −Wτ→σ , when
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the thermomajorization curve of σ is also a straight line),
the operation in Eq. (64) costs a divergent amount of work
in the case of failure, i.e., from the state X in Eq. (63).
D. Changing Hamiltonian
Our results thus far have assumed that ρ and σ are
associated with the same Hamiltonian. Suppose the initial
system has Hamiltonian H1 and the final system
Hamiltonian H2. Following Ref. [20], this scenario can
bemapped to onewith identical initial and final Hamiltonian
H, if we instead consider the transition between ρ ⊗ j0ih0j
and σ ⊗ j1ih1j, where
H ¼ H1 ⊗ j0ih0j þH2 ⊗ j1ih1j: ð68Þ
Note that the partition function associated with H
is Z ¼ Z1 þ Z2.
The height of the thermomajorization curve of ρ ⊗
j0ih0j with respect to H is identical to that of ρ with
respect toH1 on ½0; Z1 and equal to 1 on ½Z1; Z. Similarly,
the height of the thermomajorization curve of σ ⊗ j1ih1j is
identical to that of σ on ½0; Z2 and equal to 1 on ½Z2; Z.
Hence, by extending the definition of ~VxðρÞ so that
~VxðρÞ ¼ 1 for x ≥ Z1, we can readily apply Theorems 4
and 5 to the case of changing Hamiltonians.
Note that as ~LyðρÞ ¼ ~Lyðρ ⊗ j0ih0jÞ for 0 ≤ y ≤ 1 (and
similarly for σ), changing Hamiltonians does not affect the
results of Sec. III C.
IV. CONCLUSION
Here, we introduce a finite set of functions which, like
the free energy, can only go down in the resource theory of
thermal operations. We use these to compute the work of
transition and the maximum probability of making a
transition between two states. Finally, we see that the work
of transition between the two states, and vice versa, can be
used to bound the maximum probability of making the
transition.
In maximizing the value of p in Eq. (2) to obtain p, we
attempt to maximize the fraction of σ present in a state
obtainable from ρ. With access to a single two-outcome
measurement, σ can also be obtained from ρ with prob-
ability at least p. There are other measures that one could
quantify in attempting to obtain a state that behaves like σ.
For example, one could consider the fidelity between σ and
a state reachable from ρ:
FTOðρ; σÞ≡max
~ρ
fFð~ρ; σÞ∶ρ!TO ~ρ g; ð69Þ
where Fð~ρ; σÞ ¼ tr½
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~ρ
p
σ
ﬃﬃﬃ
~ρ
pp  is the fidelity between
the two states. Investigating this problem is an open
question, but note that for diagonal σ we have FTOðρ; σÞ ≥
Fðρ0; σÞ ≥ ﬃﬃﬃﬃﬃpp .
Another alternative would be to consider heralded
probabilistic transformations. Here, a two-level flag system
with trivial Hamiltonian and starting in the state j0i is
provided with the initial state ρ. The goal is to transform
both system and flag so that a measurement on the final
flag state would reveal that the system is in state σ with
probability p and some other state with probability 1 − p.
More concretely, one would be interested in maximizing
the value of p in the transformation:
ρ ⊗ j0ih0j !TO ρˆ ¼ pσ ⊗ j0ih0j þ ð1 − pÞX ⊗ j1ih1j:
ð70Þ
Because of the results in Sec. III B, it is clear that the
maximumvalue ofp achievable in the heralded caseEq. (70)
is at least at large as p in the unheralded case Eq. (2) for
block-diagonal σ. In follow-up work to the initial version of
this paper, the converse was proven [58], and, thus, the two
maximumprobabilities are equal. In Appendix B, we extend
this analysis to consider the achievable heralded probability
when σ contains coherences or when one may use a catalyst
to assist in the transformation.
At the moment, although our results regarding maximum
extractable work are general, little is known about tran-
sitions when the final state is not block diagonal in the
energy eigenbasis. In such a situation, our results provide
necessary conditions but are not sufficient. Finding suffi-
cient conditions is expected to be difficult, as we do
not know such conditions even for nonprobabilistic
transformations. For recent results on the role of
coherences in quantum thermodynamics, see, for example,
Refs. [26–28,32]. Nonetheless, we are able to utilize some
of these results to provide bounds on the achievable
heralded probability when the target state contains coher-
ences in energy. This is done in Appendix B.
Our analysis focuses on noisy and thermal operations in
the absence of a catalyst, i.e., an ancilla that is used to aid
in a transition but returned in the same state. In catalytic
thermal operations (CTO), given ρ and σ, we are interested
in whether there exists a state ω such that
ρ ⊗ ω!TO σ ⊗ ω: ð71Þ
If such an ω exists, we say ρ!CTOσ. There exist instances
where ρ↛
TO
σ and yet ρ!CTOσ. Investigating when such
catalytic transitions exist has led to a family of second
laws of thermodynamics that apply in the single-shot
regime [25]. Having access to catalysts has the potential
to achieve higher values of p than that defined by p, and it
would be interesting to find an expression or bound for the
maximum value of p in the process:
ρ!CTOρ0 ¼ pσ þ ð1 − pÞX: ð72Þ
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Note that a bound can be obtained from any non-
increasing monotone of CTO, M, say, that satisfies
M½pσ þ ð1 − pÞX ≥ pMðσÞ. Bounding the maximum
transition probability under catalytic thermal operations
is made more difficult by the fact that the generalized free
energies found in Ref. [25] are not concave. However, for
the case of heralded probability, the situation is somewhat
easier, and in Appendix B we completely characterize what
is achievable under CTO when the target state is block
diagonal in energy.
Another avenue of research is to generalize our result to
the case where one is interested in not only maximizing the
probability of obtaining a single state, but, rather, finding
the probability simplex of going to an ensemble of many
states. Again, the fact that the monotones used in thermo-
dynamics are not in general concave means that straight
application of the techniques used in entanglement theory
[59] cannot be immediately applied.
Finally, by supplying more work or demanding that extra
work is extracted, the value of p achieved can be raised or
lowered. For W ≤ 0, one could calculate p (as a function
of W) for the states ρ ⊗ jWihWj and σ ⊗ j0ih0j. For
W > 0, the states to consider are ρ ⊗ j0ih0j and
σ ⊗ jWihWj. What is the trade-off between p and W?
As an example, the solution for qubit systems in the noisy
operations framework is given in Appendix C.
This work has focused on the probability with which a
given state can fluctuate into another under a thermody-
namical process. The term fluctuation is usually applied
within thermodynamics to the concept of fluctuating work,
a notion most famously captured by the Jarzynski equality
and Crooks’s theorem. These were derived under the
framework of stochastic thermodynamics, while our
research is based on applying ideas from quantum infor-
mation theory. Finding common ground between the two
paradigms is likely to be beneficial to both fields and links
between work-based fluctuation theorems and the resource
theory operation have been developed in Refs. [60,61].
In work related to this paper [36], we strengthen these
connections still further, formulating the idea of fluctuating
work within the resource theory approach and providing
new insight into the associated fluctuation theorems. What
is more, we find fully quantum generalizations and see how
the second law of thermodynamics can be recast as an
equality.
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APPENDIX A: ENTANGLEMENT COST OF
TRANSFORMATIONS UNDER LOCC
The monotones that we use for studying noisy
operations are, or can be, defined solely in terms of
Lorenz curves. They are also monotones in the resource
theory of bipartite pure state entanglement manipulation
under local operations and classical communication
[62,63], where such curves can also be constructed.
Using our monotones, and the behavior of Lorenz
curves under tensor product with certain states, we give
an expression for the single-shot entanglement of
transition. This is the amount of entanglement that
must be added (or can be extracted) in transforming
jΨABi into jΦABi under LOCC.
Previous work has considered the distillable entan-
glement and entanglement cost—the entanglement of
transition when one of jΦABi or jΨABi, respectively, is
taken to be a separable state. In Ref. [49], the amount of
entanglement that can be distilled from a single copy of
a bipartite mixed state σAB was bounded in terms of the
coherent information. For a bipartite pure state jΨABi, it
is given precisely by the min entropy of the reduced
state trBjΨABihΨABj [50]. The amount of entanglement
required to create a single copy of σAB was calculated in
Ref. [51] in terms of the conditional zero-Rényi entropy.
In each paper, the analysis extends to accomplishing the
task up to fixed error ϵ. Here, we go beyond the
distillation and cost, showing that the more general
entanglement of transition between two arbitrary pure
bipartite states can be quantified in terms of the
monotones Ly.
For a bipartite pure state jΨi, on a system AB, let
ρjΨi ¼ trBjΨihΨj: ðA1Þ
Without access to any additional resources, it is possible for
two separated parties to transform jΨi into another bipartite
state jΦi under LOCC if and only if ρjΦi majorizes ρjΨi
[62]. Hence, if jΨi can be transformed into jΦi,
VlðρjΦiÞ ≥ VlðρjΨiÞ; ∀ l; ðA2Þ
and
LyðρjΦiÞ ≤ LyðρjΨiÞ; ∀ y ∈ DðρjΨiÞ; ðA3Þ
where the functions Vl, Ly and the set D are defined as per
Sec. II. Note that for LOCC, we consider the “elbows” of
the Lorenz curve associated with the initial state, while for
NO, we consider the elbows of the final state’s curve when
determining if a transition is possible. This change occurs
as for a transition to take place in pure state entanglement
theory, we require that the final state majorizes the initial
state, while in the theory of NO, we require that the initial
state majorizes the final.
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The unit for quantifying entanglement costs is the
ebit—the maximally entangled state with local dimen-
sion 2. The maximally entangled state with local
dimension d,
jedi ¼
1ﬃﬃﬃ
d
p
Xd−1
i¼0
jiiAjiiB; ðA4Þ
requires the two parties to share log d ebits to prepare it
and they can extract log d shared ebits if they share one.
Separable states are free within this resource theory, so
if we define
jsepdi ¼ j0iAj0iB ðA5Þ
as a separable pure state with local dimension d, jsepdi
costs 0 ebits to prepare and no shared entanglement can
be extracted from it. Note that
LyðρjΨi⊗jediÞ ¼ LyðρjΨiÞ; ðA6Þ
LyðρjΨi⊗jsepdiÞ ¼
1
d
LyðρjΨiÞ: ðA7Þ
The entanglement of transition EjΨi→jΦi is the optimal
amount of shared, bipartite entanglement that the parties
need to add, or can gain, to transform a copy of jΨi into
jΦi under LOCC. If the quantity is negative, entangle-
ment must be used up to make the transition possible,
while if it is positive, entanglement can be extracted.
EjΨi→jΦi is the maximum value of v log d2 − u log d1
that can be achieved, where u, v, d1, d2 ∈ Z are such
that
jΨijed1i⊗ujsepd2i⊗v !
LOCC jΦijed2i⊗vjsepd1i⊗u: ðA8Þ
In terms of Lorenz curves, the addition of entangled and
separable states serve to rescale (with respect to the x
axis) the curves associated with jΨi and jΦi by d2−v and
d1−u, respectively. To maximize EjΨi→jΦi, the Lorenz
curve of the rescaled jΨi needs to lie just to the right of
the Lorenz curve of the rescaled jΦi. Hence,
1
d2v
LyðρjΨiÞ ≥
1
d1u
LyðρjΦiÞ; ∀ y ∈ DðρjΨiÞ; ðA9Þ
with equality for some y. This gives
2−ðEjΨi→jΦiÞ ¼ d1
u
d2v
¼ max
y∈DðρjΨiÞ
LyðρjΦiÞ
LyðρjΨiÞ
; ðA10Þ
in analogy with Lemma 2 for the work of transition in
noisy operations.
This can be generalized to consider situations where
we require only that the final state is ϵ close to the
target state Φ with respect to a measure such as the
squared fidelity, F2ðjΦ0i; jΦiÞ ¼ jhΦ0jΦij2. Let
bϵðjΦiÞ ¼ fjΦ0i∶jhΦ0jΦij2 ≥ 1 − ϵg: ðA11Þ
Then, defining EϵjΨi→jΦi by
EϵjΨi→jΦi ¼ maxjΦ0i∈bϵðjΦiÞEjΨi→jΦ0i; ðA12Þ
we can write
EϵjΨi→jΦi ¼ maxjΦ0i∈bϵðjΦiÞ

− log

max
y∈DðρjΨiÞ
LyðρjΦ0iÞ
LyðρjΨiÞ
	
:
ðA13Þ
APPENDIX B: HERALDED PROBABILITY
In this work, we consider the optimization of p in the
process
ρ!TO ρ0 ¼ pσ þ ð1 − pÞX; ðB1Þ
for given ρ and σ. Another related notion of a probabilistic
transformation is that of heralded probability, i.e., a con-
clusive fluctuation to a state. In this setup, a qubit flag
system with trivial Hamiltonian HF ∝ I is incorporated
which starts in the state j0i and after the thermal operation
indicates whether the system is successfully transformed
into σ. More concretely, with respect to heralded proba-
bility and for given ρ and σ, one would attempt to maximize
p in the process
ρ⊗ j0ih0j !TO ρˆ¼pσ⊗ j0ih0jþð1−pÞX⊗ j1ih1j; ðB2Þ
where the total Hamiltonian is H ¼ HS þHF. A meas-
urement on the flag will result in the system being in state σ
with probability p and state X with probability 1 − p.
When σ is block diagonal in the energy eigenbasis, the
measurement strategy given in Sec. III B can be used to
convert a protocol obtaining a value of p in Eq. (B1) into
one that obtains a value of p in Eq. (B2). Indeed, since our
initial paper, it has been shown that the maximum value of
p that can be achieved in both scenarios for such σ is
identical [58].
However, analyzing the optimization of p in Eq. (B2)
is more tractable than the equivalent problem with respect
to Eq. (B1) as for the problem of heralded probability
we may always take X ¼ τS, the thermal state of the
system. To see this, assume that we start with the state-
Hamiltonian pair:
ðpσ ⊗ j0ih0j þ ð1 − pÞX ⊗ j1ih1j; HS þHFÞ; ðB3Þ
and then apply the following thermal operations.
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(1) Append a thermal state with Hamiltonian HB ¼ HS:
ðpσ ⊗ j0ih0j þ ð1 − pÞX ⊗ j1ih1j;
HS þHFÞ!TO ðpσ ⊗ τB ⊗ j0ih0j
þ ð1 − pÞX ⊗ τB ⊗ j1ih1j;
HS þHB þHFÞ:
(2) Apply the unitary U¼ISB⊗ j0ih0jþUswapSB ⊗j1ih1j,
where UswapSB is the unitary that swaps the state of
the system with the state of the bath. As HS ¼ HB,
½U;HS þHB þHF ¼ 0 and, hence, U is a valid
thermal operation. This implements
ðpσ ⊗ τB ⊗ j0ih0j þ ð1 − pÞX ⊗ τB ⊗ j1ih1j;
HS þHB þHFÞ!TO ðpσ ⊗ τB ⊗ j0ih0j
þ ð1 − pÞτS ⊗ X ⊗ j1ih1j;
HS þHB þHFÞ:
(3) Discard the bath system:
ðpσ ⊗ τB ⊗ j0ih0j þ ð1 − pÞτS ⊗ X ⊗ j1ih1j;
HS þHB þHFÞ!TOðpσ ⊗ j0ih0j
þ ð1 − pÞτS ⊗ j1ih1j; HS þHFÞ:
Hence, given a state of the form ρˆ, we can always find a
thermal operation that converts X into τS. In attempting
to maximize p in Eq. (B2), we can thus always assume
that X is the thermal state of the system. This simplification
enables us to prove additional bounds on the maximum
value of the heralded probability pˆ for catalytic thermal
operations and the case where σ contains coherences in
energy.
1. Heralded probability with catalysts
In catalytic thermal operations, given ρ and σ, we are
interested in whether there exists a state ω such that
ρ ⊗ ω!TO σ ⊗ ω: ðB4Þ
If such an ω exists, we say it catalyzes the transforma-
tion and write ρ!CTOσ. Determining whether such an ω
exists has resulted in a family of second laws of
thermodynamics [25].
Defining the generalized free energies of ðρ; HSÞ by
FαðρjjτSÞ ¼ kTDαðρjjτSÞ − kT logZS; ðB5Þ
where Dα are the Rényi divergences given by
DαðρjjτSÞ ¼
sgnðαÞ
α − 1
log tr½ρατ1−αS ; ðB6Þ
then for block-diagonal σ, ρ!CTOσ if and only if
FαðρDjjτSÞ ≥ FαðσjjτSÞ holds ∀α ≥ 0. If σ is not block
diagonal, then by replacing σ with σD in these expressions,
we obtain conditions that are necessary but not sufficient.
To optimize the heralded probability of a transformation
from ρ to σ under catalytic thermal operations, we thus
want to maximize the value of p in ρˆ ¼ pσ ⊗ j0ih0j þ
ð1 − pÞτS ⊗ j1ih1j subject to these free energy constraints
applied to ρ and ρˆ. This gives us
pˆ ≤ maxfp∶FαðρD ⊗ j0ih0jjjτS ⊗ I2Þ ≥ FαðpσD ⊗ j0i
h0j þ ð1 − pÞτS ⊗ j1ih1jjjτS ⊗ I2Þ;
α ∈ ½0;∞g: ðB7Þ
Furthermore, when σ is block diagonal in the energy
eigenbasis, this bound on pˆ is achievable as the second
laws [25] imply there exists an ω such that
ρ⊗ j0ih0j⊗ω!TOðpˆσ⊗ j0ih0jþ ð1− pˆÞτS⊗ j1ih1jÞ⊗ω:
ðB8Þ
2. Heralded probability for arbitrary quantum states
For states with coherences, necessary and sufficient
conditions for which state transitions are possible are not
known in general. However, there exists various different
sets of necessary conditions that can be used to give upper
bounds to the optimal probability of transition. We give
the bounds for two such sets, one in terms of quantum
Rényi divergences and a second one in terms of modes of
coherence.
For a given state with coherences in energy, we define
the free coherence of a state ρ by
AαðρÞ ¼ SαðρjjρDÞ; ðB9Þ
where Sα are the quantum Rényi divergences given by
SαðρjjρDÞ ¼
8>><
>>:
1
α−1 log tr½ραρ1−αD  α ∈ ½0; 1Þ
tr½ρðlog ρ − log ρDÞ α ¼ 1
1
α−1 log tr½ðρð1−αÞ=2αD ρρð1−αÞ=2αD Þα α > 1.
ðB10Þ
It was shown in Ref. [27] that for general σ, ρ!TO σ only if
AαðρÞ ≥ AαðσÞ for all α ≥ 0.
Using this, we obtain the following bound on the
maximum heralded probability of a transformation from
ρ to σ under thermal operations:
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pˆ ≤ maxfp∶Aαðρ ⊗ j0ih0jÞ ≥ Aαðpσ ⊗ j0i
h0j þ ð1 − pÞτS ⊗ j1ih1jÞ; α ∈ ½0;∞g: ðB11Þ
Alternatively, following Ref. [64], we can define neces-
sary constraints in terms of modes of coherence. Given a
state ρ, we can decompose it as a sum given by
ρ ¼
X
k
ρðkÞ; ðB12Þ
where ρðkÞ is such that
e−iHStρðkÞeiHSt ¼ e−iktρðkÞ; ðB13Þ
where the variable k takes the values of all possible energy
gaps of the Hamiltonian HS, so that for some l, m we have
that k ¼ El − Em.
Because of the time-translation symmetry property of
thermal operations [28], we know that thermal operations
map coherence modes of the initial state to coherence
modes of the final state ρ0 only. More concretely, let T ðρÞ
be a quantum map generated through a set of thermal
operations on the system, then
T ðρðkÞÞ ¼ ρ0ðkÞ; ∀ k; ðB14Þ
and, hence, given that the 1-norm jjXjj1 ≡ Trð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
XX†
p
Þ is
contractive under quantum maps, we have that jjρðkÞjj1 ≥
jjρ0ðkÞjj1 for all k.
This is used in Ref. [64] to show that, given a
probabilistic transition of the form of
ρ ⊗ j0ih0j!TO ðpσ ⊗ j0ih0jþð1 − pÞX ⊗ j1ih1j; HSþHFÞ;
ðB15Þ
where we may take the state X to be thermal, we have a
further set of necessary upper bounds on the maximum
probability of transition, one for each k. The most con-
straining of them is then
p ≤ mink
jjρðkÞjj1
jjσðkÞjj1
: ðB16Þ
APPENDIX C: TRADE-OFF BETWEEN
PROBABILITY AND WORK OF TRANSITION
FOR A QUBIT UNDER NOISY OPERATIONS
Here, we consider how p varies if we supply additional
work when attempting to convert ρ into σ. Alternatively, we
could attempt to extract extra work during the process.
While characterizing the behavior of p in general is an
open question, here we give the solution for qubit systems
with trivial Hamiltonian.
Consider two qubits: ρ with ordered eigenvalues ~η ¼
fη1; η2g and σ with ordered eigenvalues ~ζ ¼ fζ1; ζ2g. For
the transition,
ρ ⊗ sjWj!NOρ0 ¼ pσ þ ð1 − pÞX; if W ≤ 0;
ρ!NOρ0 ¼ pσ ⊗ sjWj þ ð1 − pÞX; if W > 0;
ðC1Þ
how does p behave as a function of W? Note that, using
Theorem 1, pð0Þ is given by minfη1ζ1 ; 1g. For W ≤ Wρ→σ,
by definition we have that pðWÞ ¼ 1 (as for these values
of W, the transition can be performed deterministically).
So as to investigate the behavior of the function at
W ¼ 0, in what follows we assume η1 < ζ1 and, hence,
Wρ→σ < 0.
First, take W ≤ 0 and, for simplicity, assume it can be
written as W ¼ − logðd=jÞ. Then,
ρ ⊗ sjWj ¼ diag

η1
j
;…;
η1
j|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
j
;
η2
j
;…;
η2
j|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
j
; 0;…; 0|ﬄﬄﬄ{zﬄﬄﬄ}
2ðd−jÞ

; ðC2Þ
σ ⊗
I
d
¼ diag

ζ1
d
;…;
ζ1
d|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
d
;
ζ2
d
;…;
ζ2
d|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
d

: ðC3Þ
We now use Theorem 1 together with the fact that pðWÞ
will occur at an elbow of σ (which is equivalent to
σ ⊗ ðI=dÞ under noisy operations). As Wρ→σ < W, and
the transition does not happen with certainty, we need to
consider only the elbow l ¼ d in Theorem 1. Thus,
pðWÞ ¼ Vdðρ⊗sjWjÞ
Vdðσ⊗ IdÞ
¼ η1þ
d−j
j η2
ζ1
;
for Wρ→σ < − log dj ≤ 0:
ðC4Þ
This can be rearranged to give
pðWÞ¼ ð2−2−WÞpð0Þþ2
−W −1
ζ1
; Wρ→σ <W ≤ 0:
ðC5Þ
Now take W ≥ 0 and assume it can be written as
W ¼ logðd=jÞ. Then,
ρ ⊗
I
d
¼ diag

η1
d
;…;
η1
d|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
d
;
η2
d
;…;
η2
d|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
d

; ðC6Þ
σ ⊗ sjWj ¼ diag

ζ1
j
;…;
ζ1
j|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
j
;
ζ2
j
;…;
ζ2
j|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
j
; 0;…; 0|ﬄﬄﬄ{zﬄﬄﬄ}
2ðd−jÞ

: ðC7Þ
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There are two elbows on σ ⊗ sjWj, at l ¼ j and l ¼ 2j.
Calculating the ratio of the monotones at these points gives
Vjðρ ⊗ IdÞ
Vjðσ ⊗ sjWjÞ
¼ j
η1
d
ζ1
¼ η1
ζ1
2−W; ðC8Þ
and
V2jðρ⊗ IdÞ
V2jðσ⊗ sjWjÞ
¼

2jη1d ¼ 2η12−W if 2j≤ d
η1þ 2j−dd η2 ¼ð2η1−1Þþ2ð1−η1Þ2−W if 2j≥ d:
ðC9Þ
It is easy to see that ðη1=ζ1Þ ≤ 2η1, since ζ1 ≥ 12.
Comparing Eq. (C8) with the second case in Eq. (C9), it
is possible to show that
Vjðρ ⊗ IdÞ
Vjðσ ⊗ sjWjÞ
≤
V2jðρ ⊗ IdÞ
V2jðσ ⊗ sjWjÞ
⇔2W ≥
η1 − 2ζ1 þ 2η1ζ1
2η1ζ1 − ζ1
:
ðC10Þ
As W ≥ 0, the minimum ratio occurs at l ¼ j. Hence,
pðWÞ ¼ pð0Þ2−W; W ≥ 0: ðC11Þ
Combining these results, we have that for η1 < ζ1,
pðWÞ ¼
8>><
>>:
1 if W ≤ Wρ→σ
ð2 − 2−WÞpð0Þ þ 2−W−1ζ1 if Wρ→σ < W ≤ 0
pð0Þ2−W if 0 < W:
ðC12Þ
As an example, in Fig. 8, we plot pðWÞ against W for
~η ¼ f0.6; 0.4g and ~ζ ¼ f0.85; 0.15g.
For completeness, for η1 ≥ ζ1,
pðWÞ ¼
8>>><
>>>:
1 if W ≤ Wρ→σ
ð2η1 − 1Þ þ 2ð1 − η1Þ2−W if Wρ→σ < W ≤ log


η1−2ζ1þ2η1ζ1
2η1ζ1−ζ1

η1
ζ1
2−W if W > log


η1−2ζ1þ2η1ζ1
2η1ζ1−ζ1

:
ðC13Þ
[1] H. E. D. Scovil and E. O. Schulz-DuBois, Three-Level
Masers as Heat Engines, Phys. Rev. Lett. 2, 262 (1959).
[2] M. O. Scully, Quantum Afterburner: Improving the Effi-
ciency of an Ideal Heat Engine, Phys. Rev. Lett. 88, 050602
(2002).
[3] J. Rousselet, L. Salome, A. Ajdari, and J. Prost, Directional
Motion of Brownian Particles Induced by a Periodic
Asymmetric Potential, Nature (London) 370, 446 (1994).
[4] L. P. Faucheux, L. S. Bourdieu, P. D. Kaplan, and A. J.
Libchaber, Optical Thermal Ratchet, Phys. Rev. Lett. 74,
1504 (1995).
[5] J. Baugh, O. Moussa, C. Ryan, A. Nayak, and R. Laflamme,
Experimental Implementation of Heat-Bath Algorithmic
Cooling Using Solid-State Nuclear Magnetic Resonance,
Nature (London) 438, 470 (2005).
[6] E. Ruch, The Diagram Lattice as Structural Principle A.
New Aspects for Representations and Group Algebra of
the Symmetric Group B. Definition of Classification
Character, Mixing Character, Statistical Order, Statistical
Disorder; A General Principle for the Time Evolution
of Irreversible Processes, Theor. Chim. Acta 38, 167
(1975).
[7] E. Ruch and A. Mead, The Principle of Increasing Mixing
Character and Some of Its Consequences, Theor. Chim.
Acta 41, 95 (1976).
FIG. 8. Here, we show how pðWÞ varies as a function ofW for
qubits under noisy operations whenWρ→σ < 0. Note the behavior
at W ¼ 0, indicating the function is not convex in W ≥ Wρ→σ .
ALHAMBRA, OPPENHEIM, and PERRY PHYS. REV. X 6, 041016 (2016)
041016-18
[8] E. Ruch, R. Schranner, and T. H. Seligman, The Mixing
Distance, J. Chem. Phys. 69, 386 (1978).
[9] J. E. Geusic, E. O. Schulz-DuBios, and H. E. D. Scovil,
Quantum Equivalent of the Carnot Cycle, Phys. Rev. 156,
343 (1967).
[10] R. Alicki, The Quantum Open System as a Model of the
Heat Engine, J. Phys. A 12, L103 (1979).
[11] J. Howard, Molecular Motors: Structural Adaptations to
Cellular Functions, Nature (London) 389, 561 (1997).
[12] E. Geva and R. Kosloff, On the Classical Limit of Quantum
Thermodynamics in Finite Time, J. Chem. Phys. 97, 4398
(1992).
[13] P. Hänggi and F. Marchesoni, Artificial Brownian Motors:
Controlling Transport on the Nanoscale, Rev. Mod. Phys.
81, 387 (2009).
[14] A. E. Allahverdyan and T. M. Nieuwenhuizen, Extraction of
Work from a Single Thermal Bath in the Quantum Regime,
Phys. Rev. Lett. 85, 1799 (2000).
[15] M. Horodecki, P. Horodecki, and J. Oppenheim, Reversible
Transformations from Pure to Mixed States and the
Unique Measure of Information, Phys. Rev. A 67, 062104
(2003).
[16] T. Feldmann and R. Kosloff, Quantum Lubrication: Sup-
pression of Friction in a First-Principles Four-Stroke Heat
Engine, Phys. Rev. E 73, 025107 (2006).
[17] N. Linden, S. Popescu, and P. Skrzypczyk, How Small Can
Thermal Machines Be? The Smallest Possible Refrigerator,
Phys. Rev. Lett. 105, 130401 (2010).
[18] O. Dahlsten, R. Renner, E. Rieper, and V. Vedral, Inad-
equacy of von Neumann Entropy for Characterizing
Extractable Work, New J. Phys. 13, 053015 (2011).
[19] L. Del Rio, J. Åberg, R. Renner, O. Dahlsten, and V. Vedral,
The Thermodynamic Meaning of Negative Entropy, Nature
(London) 474, 61 (2011).
[20] M. Horodecki and J. Oppenheim, Fundamental Limitations
for Quantum and Nano Thermodynamics, Nat. Commun. 4,
2059 (2013).
[21] J. Åberg, Truly Work-like Work Extraction via Single-Shot
Analysis, Nat. Commun. 4, 1925 (2013).
[22] P. Faist, F. Dupuis, J. Oppenheim, and R. Renner,
The Minimal Work Cost of Information Processing,
Nat. Commun. 6, 7669 (2015).
[23] P. Skrzypczyk, A. J. Short, and S. Popescu,Work Extraction
and Thermodynamics for Individual Quantum Systems,
Nat. Commun. 5, 4185 (2014).
[24] D. Egloff, O. C. Dahlsten, R. Renner, and V. Vedral,
A Measure of Majorization Emerging from Single-Shot
Statistical Mechanics, New J. Phys. 17, 073001 (2015).
[25] F. Brandão, M. Horodecki, N. Ng, J. Oppenheim, and S.
Wehner, The Second Laws of Quantum Thermodynamics,
Proc. Natl. Acad. Sci. U.S.A. 112, 3275 (2015).
[26] P. Ćwikliński, M. Studziński, M. Horodecki, and J.
Oppenheim, Limitations on the Evolution of Quantum
Coherences: Towards Fully Quantum Second Laws of
Thermodynamics, Phys. Rev. Lett. 115, 210403
(2015).
[27] M. Lostaglio, D. Jennings, and T. Rudolph, Description
of Quantum Coherence in Thermodynamic Processes
Requires Constraints beyond Free Energy, Nat. Commun.
6, 6383 (2015).
[28] M. Lostaglio, K. Korzekwa, D. Jennings, and T. Rudolph,
Quantum Coherence, Time-Translation Symmetry, and
Thermodynamics, Phys. Rev. X 5, 021001 (2015).
[29] N. Yunger Halpern and J. M. Renes, Beyond Heat Baths:
Generalized Resource Theories for Small-Scale Thermody-
namics, Phys. Rev. E 93, 022126 (2016).
[30] H. Wilming, R. Gallego, and J. Eisert, Second Law of
Thermodynamics under Control Restrictions, Phys. Rev. E
93, 042126 (2016).
[31] M. Lostaglio, M. P. Müller, and M. Pastena, Stochastic
Independence as a Resource in Small-Scale Thermodynam-
ics, Phys. Rev. Lett. 115, 150402 (2015).
[32] V. Narasimhachar and G. Gour, Low-Temperature Thermo-
dynamics with Quantum Coherence, Nat. Commun. 6, 7689
(2015).
[33] J. M. Renes, Work Cost of Thermal Operations in Quantum
Thermodynamics, Eur. Phys. J. Plus 129, 153 (2014).
[34] R. F. Streater, Statistical Dynamics: A Stochastic Approach
to nonequilibrium Thermodynamics (Imperial College
Press, London, 1995).
[35] D. Janzing, P. Wocjan, R. Zeier, R. Geiss, and T. Beth,
Thermodynamic Cost of Reliability and Low Temperatures:
Tightening Landauer’s Principle and the Second Law, Int. J.
Theor. Phys. 39, 2717 (2000).
[36] Á. M. Alhambra, L. Masanes, J. Oppenheim, and C. Perry,
following article, Fluctuating Work: From Quantum
Thermodynamical Identities to a Second Law Equality,
Phys. Rev. X 6, 041017 (2016).
[37] C. Jarzynski, Nonequilibrium Equality for Free Energy
Differences, Phys. Rev. Lett. 78, 2690 (1997).
[38] G. E. Crooks, Entropy Production Fluctuation Theorem
and the Nonequilibrium Work Relation for Free Energy
Differences, Phys. Rev. E 60, 2721 (1999).
[39] H. Tasaki, Jarzynski Relations for Quantum Systems and
Some Applications, arXiv:cond-mat/0009244.
[40] P. Talkner, M. Campisi, and P. Hänggi, Fluctuation Theo-
rems in Driven Open Quantum Systems, J. Stat. Mech.
(2009) P02025.
[41] U. Seifert, Stochastic Thermodynamics, Fluctuation Theo-
rems and Molecular Machines, Rep. Prog. Phys. 75, 126001
(2012).
[42] M. Esposito, U. Harbola, and S. Mukamel, Nonequilibrium
Fluctuations, Fluctuation Theorems, and Counting Statis-
tics in Quantum Systems, Rev. Mod. Phys. 81, 1665 (2009).
[43] M. Campisi, P. Hänggi, and P. Talkner, Colloquium:
Quantum Fluctuation Relations: Foundations and Appli-
cations, Rev. Mod. Phys. 83, 771 (2011).
[44] C. H. Bennett, The Thermodynamics of Computation—A
Review, Int. J. Theor. Phys. 21, 905 (1982).
[45] A.W. Marshall, I. Olkin, and B. Arnold, Inequalities:
Theory of Majorization and Its Applications (Springer
Science & Business Media, New York, 2010).
[46] G. Gour, M. P. Müller, V. Narasimhachar, R. W. Spekkens,
and N. Y. Halpern, The Resource Theory of Informational
Nonequilibrium in Thermodynamics, Phys. Rep. 583, 1
(2015).
[47] G. Vidal, Entanglement of Pure States for a Single Copy,
Phys. Rev. Lett. 83, 1046 (1999).
[48] F. G. S. L. Brandão, M. Horodecki, J. Oppenheim, J. M.
Renes, and R.W. Spekkens, Resource Theory of Quantum
FLUCTUATING STATES: WHAT IS THE PROBABILITY … PHYS. REV. X 6, 041016 (2016)
041016-19
States Out of Thermal Equilibrium, Phys. Rev. Lett. 111,
250404 (2013).
[49] F. Buscemi and N. Datta, Distilling Entanglement from
Arbitrary Resources, J. Math. Phys. (N.Y.) 51, 102201
(2010).
[50] F. Buscemi and N. Datta, General Theory of Environment-
Assisted Entanglement Distillation, IEEE Trans. Inf. Theory
59, 1940 (2013).
[51] F. Buscemi and N. Datta, Entanglement Cost in Practical
Scenarios, Phys. Rev. Lett. 106, 130503 (2011).
[52] Note that we can always assume that ρ and σ have the
same number of eigenvalues. If they do not, by applying
operation (i) of noisy operations appropriately, we can
ensure the systems under consideration have the same
dimension.
[53] H. Weyl, Das Asymptotische Verteilungsgesetz der
Eigenwerte Linearer Partieller Differentialgleichungen
(mit Einer Anwendung auf die Theorie der Hohlraumstrah-
lung), Math. Ann. 71, 441 (1912).
[54] R. A. Horn and C. R. Johnson, Matrix Analysis (Cambridge
University Press, Cambridge, England, 2012).
[55] R. Landauer, Irreversibility and Heat Generation
in the Computing Process, IBM J. Res. Dev. 5, 183
(1961).
[56] M. Navascués and S. Popescu, How Energy Conservation
Limits Our Measurements, Phys. Rev. Lett. 112, 140502
(2014).
[57] M. Navascués and L. P. García-Pintos, Nonthermal Quan-
tum Channels as a Thermodynamical Resource, Phys. Rev.
Lett. 115, 010405 (2015).
[58] J. M. Renes, Relative Submajorization and Its Use in
Quantum Resource Theories, arXiv:1510.03695.
[59] D. Jonathan and M. B. Plenio, Minimal Conditions for
Local Pure-State Entanglement Manipulation, Phys. Rev.
Lett. 83, 1455 (1999).
[60] N. Y. Halpern, A. J. Garner, O. C. Dahlsten, and V. Vedral,
Introducing One-Shot Work into Fluctuation Relations,
New J. Phys. 17, 095003 (2015).
[61] S. Salek and K. Wiesner, Fluctuations in Single-Shot
ϵ-Deterministic Work Extraction, arXiv:1504.05111.
[62] M. A. Nielsen, Conditions for a Class of Entanglement
Transformations, Phys. Rev. Lett. 83, 436 (1999).
[63] G. Vidal, Entanglement Monotones, J. Mod. Opt. 47, 355
(2000).
[64] I. Marvian and R.W. Spekkens, Modes of Asymmetry: The
Application of Harmonic Analysis to Symmetric Quantum
Dynamics and Quantum Reference Frames, Phys. Rev. A
90, 062110 (2014).
ALHAMBRA, OPPENHEIM, and PERRY PHYS. REV. X 6, 041016 (2016)
041016-20
